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THE HORN CONJECTURE FOR SUMS OF COMPACT
SELFADJOINT OPERATORS
H. BERCOVICI, W.S. LI AND D. TIMOTIN
Abstrat. We determine the possible eigenvalues of ompat selfadjoint op-
erators A,B(1), B(2), . . . , B(m) with the property that A = B(1)+B(2)+ · · ·+
B(m) . When all these operators are positive, the eigenvalues were known to
be subjet to ertain inequalities whih extend Horn's inequalities from the
nite-dimensional ase when m = 2. We nd the proper extension of the Horn
inequalities and show that they, along with their reverse analogues, provide a
omplete haraterization. Our results also allow us to disuss the more gen-
eral situation where only some of the eigenvalues of the operators A and B(k)
are speied. A speial ase is the requirement that B(1) + B(2) + · · ·+ B(k)
be positive of rank at most ρ ≥ 1.
1. Introdution
Given an N ×N omplex Hermitian matrix A, we denote by Λ(A) the sequene
λ1(A) ≥ λ2(A) ≥ · · · ≥ λN (A)
of its eigenvalues, in dereasing order and listed aording to their multipliities.
A. Horn [9℄ onjetured a haraterization of the set of triples (α, β, γ) ∈ (RN )3
with the property that there exist Hermitian matries A,B,C suh that Λ(A) =
α,Λ(B) = β, Λ(C) = γ, and A = B + C. More preisely, for every integer r ∈
{1, 2, . . . , N − 1} he introdued a olletion TNr of triples (I, J,K) of subsets of
{1, 2, . . . , N} suh that |I| = |J | = |K| = r; here we use |I| to denote the ardinality
of I. We will all Horn triples the elements (I, J,K) of TNr . Horn onjetured that
the triples (Λ(A),Λ(B),Λ(C)) (with A = B+C) are preisely those triples (α, β, γ)
of dereasing sequenes satisfying the trae identity
N∑
i=1
αi =
N∑
j=1
βj +
N∑
k=1
γk,
and the Horn inequalities
(1.1)
∑
i∈I
αi ≤
∑
j∈J
βj +
∑
k∈K
γk
for all Horn triples (I, J,K) ∈ TNr with r < N . The study and eventual proof of
this onjeture are hroniled by W. Fulton in his exellent survey [6℄.
Assume now that A is a positive ompat operator on a omplex Hilbert spae.
In this ase we denote by
Λ+(A) = {λ1(A) ≥ λ2(A) ≥ · · · }
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the sequene of its eigenvalues, in dereasing order and repeated aording to their
multipliities. Note that λj(A) > 0 for all j when A has innite rank, so that the
possible eigenvalue 0 is not listed in this ase. The problem of haraterizing the
triples (Λ+(B +C),Λ+(B),Λ+(C)) when B and C are positive ompat operators
was studied by S. Friedland [8℄ and Fulton [7℄. They observed that, if (α, β, γ) =
(Λ+(B + C),Λ+(B),Λ+(C)), the Horn inequalities (1.1) must be satised for all
(I, J,K) ∈ TNr , for all N ≥ 1 and all r < N . Conversely, if (α, β, γ) is a triple of
dereasing sequenes tending to zero, and they satisfy all the Horn inequalities, then
there exist positive ompat operators A,B,C suh that Λ+(A) = α, Λ+(B) = β,
Λ+(C) = γ, and A ≤ B + C. If in addition
∞∑
i=1
αi =
∞∑
j=1
βj +
∞∑
k=1
γk <∞,
we must have A = B+C. If we only know that
∑∞
j=1 βj <∞, replaing this trae
identity by the onditions γ ≤ α and
∞∑
j=1
βj =
∞∑
k=1
(αk − γk)
leads to analogous results; this is shown in [2℄. When all of these sums are innite
the trae identities are useless. The results of [2℄ do provide a haraterization even
in this ase, based on an extension of the Littlewood-Rihardson rule.
We will show that the trae identity an be replaed in general by a system of
inequalities. To desribe these inequalities we need some notation. Given a nite
set I ⊂ N = {1, 2, . . .}, we denote by Ic = N \ I the omplement of I, and by Icp
the set onsisting of the p smallest elements of Ic. The following statement is a
partiular ase of Theorem 6.2. It will be onvenient to onsider that (∅,∅,∅) is
a Horn triple.
Theorem 1.1. Let α, β, γ be three dereasing sequenes with limit zero. The fol-
lowing onditions are equivalent:
(1) There exist positive ompat operators B and C suh that Λ+(B+C) = α,
Λ+(B) = β and λ+(C) = γ.
(2) For every Horn triple (I, J,K), and for all positive integers p, q we have
the Horn inequality ∑
i∈I
αi ≤
∑
j∈J
βj +
∑
k∈K
γk,
and the extended reverse Horn inequality∑
i∈Ic
p+q
αi ≥
∑
j∈Jcp
βj +
∑
k∈Kcq
γk.
The extended reverse Horn inequalities may at rst seem to be altogether wrong,
sine the index sets are of dierent ardinalities. It is important to remember
though that the problem we onsider is not invariant under addition of onstant
multiples of the identity operator to B and C, whih is the ase in nite dimensions.
These ardinalities are in fat equalized in the more general situation of ompat
selfadjoint operators. We will onsider more than two summands, as is also done
in [7, 8℄. Thus, we produe a haraterization of the set of all (m + 1)-tuples
(Λ0(A),Λ0(B
(1)),Λ0(B
(2)), . . . ,Λ0(B
(m))), where the B(j) are ompat selfadjoint
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operators and A =
∑m
j=1 B
(j)
. The eigenvalue sequene Λ0(A) will be desribed in
Setion 4 when A is a ompat selfadjoint operator. This question an naturally
be put in a more symmetri form by setting A(0) = −B, so that
∑m
j=0 B
(j) = 0.
The nite-dimensional version of these problems is disussed in Fulton [6℄, and it
will be desribed in Setion 2 below. A more general problem was onsidered by
Buh [4℄, and we will also extend his results to the ompat selfadjoint ase. In
fat, we will nd neessary and suient onditions for the existene of ompat
selfadjoint operators B(k) and A =
∑m
k=1 B
(k)
when their eigenvalues are only
partially speied. This is a new result even in the matrix ase, and it answers a
question posed in [6℄.
The remainder of the paper is organized as follows. In Setion 2 we desribe
in detail the Horn onjeture in nite dimensions, and we dedue some important
properties of Horn triples. In Setion 3 we prove a nite-dimensional interpolation
result whose innite-dimensional analogue yields the Horn onjeture in Setion 4.
Setion 5 ontains the disussion of matries and operators with partially speied
eigenvalues. The ase of positive operators is disussed in Setion 6, where the
extension to m ≥ 2 of Theorem 1.1 is proved. We also diuss briey the hive
formulation of the Littlewood-Rihardson rule.
2. Horn Inequalities in Finite Dimensions
It will oasionally be onvenient to view a set I = {i1 < i2 < · · · < ir}
of natural numbers as a funtion I : {1, 2, . . . , r} → N, i.e., I(ℓ) = iℓ. Thus,
if I ′ ⊂ {1, 2, . . . , r}, there is a well-dened subset I ◦ I ′ ⊂ I. We will also set
[n] = {1, 2, . . . , n} for n ∈ N.
Fix an integer m ≥ 2. Given integers N, r suh that N ≥ 0 and 0 ≤ r ≤ N , we
dene a olletion TNr (m + 1) of (m + 1)-tuples (I, J
(1), J (2), . . . , J (m)) of subsets
of [N ] suh that |I| = |J (1)| = · · · = |J (m)| = r, 0 ≤ r ≤ N ; when m = 2, these will
be preisely the Horn triples. We proeed by indution on N . When N = 0, there
is only one set to dene: T 00 (m + 1) onsists of the (m + 1)-tuple (∅,∅, . . . ,∅).
Assume that the sets TMs have been dened for all M < N and 0 ≤ s ≤ M .
The (m + 1)-tuples (I, J (1), J (2), . . . , J (m)) in TNr (m + 1) are then subjet to the
requirements
(2.1)
r∑
ℓ=1
(I(ℓ)− ℓ) =
m∑
k=1
r∑
ℓ=1
(J (k)(ℓ)− ℓ),
and
(2.2)
s∑
ℓ=1
(I ◦ I ′(ℓ)− ℓ) ≥
m∑
k=1
s∑
ℓ=1
(J (k) ◦ J ′(k)(ℓ)− ℓ)
for every s < r and every (I ′, J ′(1), . . . , J ′(m)) ∈ T rs (m + 1). Observe that the set
TNN (m + 1) onsists of the (m + 1)-tuple dened by I = J
(1) = · · · = J (m) = [N ].
We will also onsider the larger set T
N
r (m + 1) of (m + 1)-tuples for whih the
identity (2.1) is replaed by
r∑
ℓ=1
(I(ℓ)− ℓ) ≥
m∑
k=1
r∑
ℓ=1
(J (k)(ℓ)− ℓ).
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The following result (in an equivalent form) is proved in [7℄. For a set I ⊂ [N ]
we denote I
sym
= {N + 1− i : i ∈ I}.
Theorem 2.1. Let α, β(1), β(2) . . . , β(m) ∈ RN be dereasing vetors. The following
onditions are equivalent:
(1) There exist Hermitian N × N -matries A,B(1), B(2), . . . , B(m) suh that
Λ(A) = α, Λ(B(k)) = β(k) for k = 1, 2, . . . ,m, and A ≤ B(1) +B(2) + · · ·+
B(m).
(2) For every r ≤ N and every (I, J (1), J (2), . . . , J (m)) ∈ TNr (m + 1) we have
the Horn inequality
r∑
ℓ=1
αI(ℓ) ≤
m∑
k=1
r∑
ℓ=1
βJ(k)(ℓ).
(3) For every r ≤ N and every (I, J (1), J (2), . . . , J (m)) ∈ TNr (m + 1) we have
the inequality ∑
i/∈I
sym
αi ≤
m∑
k=1
∑
j /∈I
(k)
sym
βj .
Note that the requirement (2) (for r = N) or (3) (for r = 0) yields
N∑
ℓ=1
αℓ ≤
m∑
k=1
N∑
ℓ=1
βℓ.
Replaing this requirement by the trae ondition
N∑
ℓ=1
αℓ =
m∑
k=1
N∑
ℓ=1
βℓ
implies the equality A = B(1)+ · · ·+B(m). It an also be shown that onditions (2)
and (3) are not merely equivalent: they are preisely the same. We will not need
this stronger assertion, so we do not inlude a proof. The interested reader will be
able to supply an indutive argument based on the denion of the sets TNr .
An immediate onsequene of this result is an alternate haraterization of the
elements of TNr (m + 1). We an assoiate with eah subset I ⊂ N of ardinality r
an integer partition π(I) of length r as follows:
π(I) = {I(r)− r ≥ I(r − 1)− (r − 1) ≥ · · · ≥ I(1)− 1}.
Corollary 2.2. Let I, J (1), . . . , J (m) ⊂ {1, 2, . . . , N} be suh that |I| = |J (1)| =
· · · = |J (m)| = r. The following onditions are equivalent:
(1) (I, J (1), . . . , J (m)) ∈ TNr (m+1) (respetively, (I, J
(1), . . . , J (m)) ∈ T
N
r (m+
1)).
(2) There exist Hermitian r×r-matries A,B(1), B(2), . . . , B(m) suh that Λ(A) =
π(I), Λ(B(k)) = π(J (k)) for k = 1, 2, . . . ,m, and A = B(1)+B(2)+· · ·+B(m)
(respetively, A ≥ B(1) + B(2) + · · ·+B(m)).
Proof. The trae identity
s∑
ℓ=1
(I ′(ℓ)− ℓ) =
m∑
k=1
s∑
ℓ=1
(J ′(k)(ℓ)− ℓ)
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shows that ondition (2.2) an be rewritten as
s∑
ℓ=1
(I ◦ I ′(ℓ)− I ′(ℓ)) ≥
m∑
k=1
s∑
ℓ=1
(J (k) ◦ J ′(k)(ℓ)− J ′(k)(ℓ)).
Therefore the r-tuples −π(I),−π(J (1)), . . . ,−π(J (m)) satisfy ondition (2) of The-
orem 2.1. Moreover, (2.1) is preisely the trae identity for these tuples. The
orollary follows easily from these observations. 
Corollary 2.3. Assume that (I, J (1), . . . , J (m)) ∈ T
N
r (m+1) and I ⊂ [n] for some
n < N . Then we also have J (k) ⊂ [n] for j = 1, 2, . . . ,m.
It should be noted that the results in [6℄ are atually formulated in symmetri
form, i.e., the operator A is replaed by B(0) = −A, so that the ondition on these
operators is
∑m
k=0 B
(k) = 0 (or ≤ 0). The passage from one formulation to the
other is straightforward. Denote indeed α = Λ(A), β(0) = Λ(B(0)), and observe
that for every subset I ⊂ {1, 2, . . . , N} we have∑
i∈I
αi = −
∑
i∈I
sym
β
(0)
i .
If |I| = r, we also have
r∑
ℓ=1
(I(ℓ)− ℓ) +
r∑
ℓ=1
(I
sym
(ℓ)− ℓ)) = r(N − r).
This allows rewriting the denition of TNr (m + 1) in terms of the sets J
(0) =
I
sym
, J (1), . . . , J (m). We prefer however the less symmetri version of these results.
One reason is that we have TNr (m + 1) ⊂ T
N+1
r (m + 1), and therefore we obtain
Horn inequalities whih are valid for matries of arbitrary size. In fat, TNr (m+1)
onsists preisely of those (m + 1)-uples in TN+1r (m + 1) whih are ontained in
[N ]. Another reason is that we an assume that all the operators are positive.
The elements of TNr (m + 1) and T
N
r (m + 1) also have a ohomologial inter-
pretation, related with the ring struture of the ohomology of the Grassmannian
G(N, r) of r-dimensional subspaes of CN . Sine this onnetion was ruial in
the proof of the Horn onjeture, we desribe it in more detail. Fix subspaes
X1 ⊂ X2 ⊂ · · · ⊂ XN = C
N
with dimXj = j, and a subset I = {i1 < i2 < · · · < ir}
of [N ]. The assoiated Shubert ell
S = {M ∈ G(N, r) : dim(M ∩Xij ) ≥ j for j = 1, 2, . . . , r}
determines a homology lass ηI ∈ H∗(G(N, r)) whih is independent of the hoie
of Xj . Moreover, H∗(G(N, r)) is the free abelian group generated by the lasses
ηI as I runs over all subsets I ⊂ [N ] with |I| = r. The partiular set I = [r]
orresponds with the lass of one point. The ohomology ring H∗(G(N, r)) has a
dual basis ωI indexed by I ⊂ N , |I| = r, i.e., 〈ηI , ωJ〉 = δIJ . The set T
N
r (m + 1)
onsists of those (m+ 1)-tuples (I, J (1), . . . , J (m)) suh that the produt
(2.3) ωIωJ(1)
sym
· · ·ω
J
(m)
sym
is not equal to zero, while TNr (m+1) is haraterized by the fat that this produt is
a nonzero multiple of the lass ω[r] of one point. One an also identify a smaller lass
T˙Nr (m+1) ⊂ T
N
r (m+1) orresponding with produts (2.3) whih are exatly equal
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to ω[r]. As seen in [1, 6℄, the Horn inequalities orresponding with T˙
N
r (m+ 1), r =
1, 2, . . . , N − 1, are independent, and they imply (for dereasing sequenes) all the
Horn inequalities orresponding with TNr (m+1), or even T
N
r (m+1). We will always
formulate our results in terms of the sets T , but generally one an use either T (if
one wants to dedue more inequalities) or T˙ (if one wants minimal hypotheses).
We onlude this setion with a few useful properties of the sets T and T .
Lemma 2.4. Fix (I, J (1), J (2), . . . , J (m)) ∈ TNr (m+1), integers 0 ≤ q, q1, . . . , qm ≤
r suh that q =
∑m
k=1 qk ≤ r, and an additional M ∈ N. Denote by I
′
the set
obtained by inreasing the largest q elements by M , i.e.,
I ′(ℓ) =
{
I(ℓ) if ℓ ≤ r − q,
I(ℓ) +M if ℓ > r − q.
Analogously, dene J ′(k) by
J ′(k)(ℓ) =
{
J (k)(ℓ) if ℓ ≤ r − qk,
J (k)(ℓ) +M if ℓ > r − qk.
for k = 1, 2, . . . ,m. Then (I ′, J ′(1), J ′(2), . . . , J ′(m)) ∈ TN+Mr (m+ 1).
Proof. By indution, it sues to onsider the ase q = 1. For simpliity, assume
that q1 = 1 and qk = 0 for k > 1. Let us set α = π(I), α
′ = π(I ′), βk = π(J
(k)),
and β′k = π(J
′(k)) for k = 1, 2, . . . r. By Corollary 2.2 (or by the denition of TNr ),
the sequenes (α, β(1), . . . , β(k)) satisfy ondition (1) of Theorem 2.1, plus the trae
identity. Moreover, the dierenes (α′−α, β′(1) − β(1), . . . , β′(k) − β(k)) also satisfy
ondition (1) of Theorem 2.1 and the trae identity. Indeed, α′−α = β′(1)−β(1) =
(M, 0, . . . , 0), while β′(k) − β(k) = 0 for k > 1. We dedue that (α′, β′(1), . . . , β′(k))
satisfy ondition (1) of Theorem 2.1 as well. The onlusion follows from Corollary
2.2. 
Proposition 2.5. Fix integers x < r < N and y < N − r.
(1) If (I, J (1), . . . J (m)) ∈ T
N
r (m+1) and (I
′, J ′(1), . . . , J ′(m)) ∈ T
r
x(m+1) then
(I ◦ I ′, J (1) ◦ J ′(1), . . . J (m) ◦ J ′(m)) ∈ T
N
x (m+ 1).
(2) If (I, J (1), . . . J (m)) ∈ T
N
r (m + 1) and (I
′, J ′(1), . . . , J ′(m)) ∈ T
N−r
y (m+ 1)
then (I ′′, J ′′(1), . . . , J ′′(m)) ∈ T
N
r+y(m + 1), where I
′′ = I ∪ (Ic ◦ I ′) and
J ′′(k) = J (k) ∪ (J (k)c ◦ J ′′(k)) for k = 1, 2, . . .m.
(3) If (I, J (1), . . . J (m)) ∈ T
(m+1)N
r (m+ 1) then
|I ∩ [N ]|+
∑
|J (k) \ [mN ]| ≤ r.
Proof. Properties (1) and (2) are known; see, for instane Buh [4, Lemma 1℄.
To prove (3), onsider mutually orthogonal projetions P (1), P (2), . . . , P (m) of size
(m+1)N × (m+1)N and of rank N , and set P = P (1) + · · ·+P (m). Observe that
α = Λ(−P ) = (0, . . . , 0︸ ︷︷ ︸
N
,−1, . . . ,−1︸ ︷︷ ︸
mN
), β(k) = λ(−P (k)) = (0, . . . , 0︸ ︷︷ ︸
mN
,−1, . . . ,−1︸ ︷︷ ︸
N
)
and therefore ∑
i∈I
αi = −|I \ [N ]|,
∑
j∈J(k)
β
(k)
j = −|J
(k) \ [mN ]|.
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Thus the Horn inequality applied to the eigenvalues of −P,−P (1), . . . ,−P (m) yields
−|I \ [N ]| ≤ −
m∑
k=1
|J (k) \ [mN ]|.
The desired inequality is obtained sine |I \ [N ]| = r − |I ∩ [N ]|. 
3. An Interpolation Result
Given three vetors α, α′α′′ ∈ RN , we will say that α is between α′ and α′′ if
min{α′i, α
′′
i } ≤ αi ≤ max{α
′
i, α
′′
i }, i = 1, 2, . . . , N.
We denote by α∗ the dereasing rearrangement of a vetor α ∈ RN .
Lemma 3.1. Let α, α′, α′′ ∈ RN be suh that α′ and α′′ are dereasing, and α is
between α′ and α′′. Then α∗ is also between α′ and α′′.
Proof. Replaing α′i by min{α
′
i, α
′′
i } and α
′′
i by max{α
′
i, α
′′
i }, we may assume that
α′ ≤ α ≤ α′′. We have then α′∗ ≤ α∗ ≤ α′′∗, and learly α′∗ = α′, α′′∗ = α′′. 
We are now ready to interpolate between N -tuples whih satisfy the Horn in-
equalities and the reverse Horn inequalities. If α ∈ RN , and I = {i1 < i2 < · · · <
ir} ⊂ [N ], we will use the notation α ◦ I for the vetor (αi1 , αi2 , . . . , αir ) ∈ R
r
.
Proposition 3.2. Fixm,N ∈ N, and onsider dereasing vetors α′, α′′, β′(k), β′′(k) ∈
RN for k = 1, 2, . . .m. Assume that for every r ≤ N and every (I, J (1), . . . , J (m)) ∈
TNr (m+ 1) the inequalities ∑
i∈I
α′i ≤
m∑
k=1
∑
j∈I(k)
β
′(k)
j
and ∑
i/∈I
α′′i ≥
m∑
k=1
∑
j /∈J(k)
β
′′(k)
j
are satised. Then there exist Hermitian N × N -matries A,B(1), . . . , B(m) suh
that A =
∑m
k=1 B
(k)
, Λ(A) is between α′ and α′′, and Λ(B(k)) is between β′(k) and
β′′(k) for k = 1, 2, . . . ,m. If all the entries of α′, α′′, β′(k), β′′(k) are integers, then
A and B(k) an be hosen so that Λ(A) and Λ(B(k)) have integer entries as well.
Proof. We argue by indution on N , taking N = 0 as our starting point for whih
there is nothing to prove. Assume therefore that the proposition has been proved
for vetors in RM with M < N . Let us set α(t) = tα′ + (1 − t)α′′ and β(k)(t) =
tβ′(k) + (1 − t)β′′(k) for t ∈ [0, 1]. Dene S ⊂ [0, 1] to onsist of those values t for
whih all the Horn inequalities∑
i∈I
α(t)i ≤
m∑
k=1
∑
j∈J(k)
β(k)(t)j
are satised. The set S is learly ompat, 1 ∈ S, and therefore it ontains a smallest
element τ . We laim that there exist r ∈ [N ] and (I, J (1), . . . , J (k)) ∈ TNr (m + 1)
suh that
(3.1)
∑
i∈I
α(τ) =
m∑
k=1
∑
j∈J(k)
β(k)(τ)j
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Indeed, if all of these inequalities were strit, τ would be either zero or an interior
point of A. The ase τ = 0 is easily dealt with beause in this ase α(τ) = α′′, and
the hypothesis implies
N∑
i=1
α(τ)i ≥
m∑
k=1
N∑
j=1
β(τ)
(k)
j .
Thus α(τ), β(k)(τ) satisfy all the Horn inequalities, as well as the trae identity,
and the proposition follows from Theorem 2.1 with α = α(τ) and β(k) = β(k)(τ).
Assume then that τ > 0. Proposition 2.5(1) implies then the existene of r × r-
matries A0, B
(1)
0 , . . . , B
(m)
0 suh that A0 =
∑m
k=1 B
(k)
0 , Λ(A0) = α(τ) ◦ I, and
Λ(B
(k)
0 ) = β
(k)(τ) ◦ J
(k)
0 . We laim that the vetors α
′
1 = α(τ) ◦ I
c
N−r, β
′(k)
1 =
β(k)(τ) ◦ J
(k)c
N−r, α
′′
1 = α
′′ ◦ IcN−r, β
′′(k)
1 = β
′′ ◦ J
(k)c
N−r satsify the hypothesis of the
proposition, with N − r in plae of N . Indeed, the required Horn inequalities for
α′1 and β
′(k)
1 follow from Proposition 2.5(2) (the equality (3.1) must be subtrated
from the orresponding Horn inequality for α(τ) and β(k)(τ)). The required Horn
inequalities for α′′1 and β
′′(k)
1 follow diretly from Proposition 2.5(1). The indutive
hypothesis implies the existene of (N − r) × (N − r)-matries A1, B
(k)
1 suh that
A1 =
∑m
k=1B
(k)
1 , Λ(A1) is between α
′
1 and α
′′
1 , and Λ(B
(k)
1 ) is between β
′(k)
1 and
β
′′(k)
1 . The onlusion of the proposition is satised by the matries A = A0 ⊕ A1
and B(k) = B
(k)
0 ⊕ B
(k)
1 , k = 1, 2, . . . ,m. The veriation of this fat is an easy
appliation of the preeding lemma beause Λ(A) = (Λ(A0),Λ(A1))
∗
.
Assume now that the entries of α′, α′′, β′(k), β′′(k) are integers for k = 1, 2, . . . ,m.
Unfortunately, α(τ) does not generally have integer entries. The argument will
proeed however in a similar manner. We onstrut for n = 0, 1, . . . dereasing
integer vetors α(n), β(k)(n) suh that
(1) α(0) = α′, β(k)(0) = β′(k),
(2) α(n + 1) is between α(n) and α′′, and β(k)(n + 1) is between β(k)(n) and
β′′(k) for k = 1, 2, . . . ,m,
(3)
∑
i∈I α(n)i ≤
∑m
k=1
∑
j∈J(k) β
(k)(n)j for every (I, J
(1), . . . , J (m)) ∈ TNr (m+
1), r ≤ N , and
(4)
∑N
i=1 |α(n + 1)i − α(n)i|+
∑m
k=1
∑N
j=1 |β
(k)(n+ 1)j − β
(k)(n)j | = 1.
In other words, only one entry of one of the vetors is modied in passing from
n to n + 1. The onstrution proeeds by indution until either α(n) = α′′ and
β(k)(n) = β′′ for all n, or one of the inequalities in (3) is an equality. The remainder
of the argument proeeds as before.

In the following statement, the inequality I ′ ≤ I is simply an inequality between
funtions, i.e., I ′(ℓ) ≤ I(ℓ) for ℓ = 1, 2, . . . r.
Corollary 3.3. Given r < N and (I, J (1), . . . , J (m)) ∈ T
N
r (m + 1), there exists
(I ′, J ′(1), . . . , J ′(m)) ∈ TNr (m + 1) suh that I
′ ≤ I and J ′(k) ≥ J (k) for k =
1, 2, . . . ,m.
Proof. Let us dene partitions of length r as follows: α′′ = π(I), β′′(k) = π(J (k)),
α′ = (0, 0, . . . , 0), and β′(k) = (N−r,N−r, . . . , N−r). We laim that these vetors
satisfy the hypotheses of Proposition 3.2. Indeed, the inequalities for α′′, β′′(k)
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follow from the fat that (I, J (1), . . . , J (m)) ∈ T
N
r (m+1), and the Horn inequalities
for α′, β′(k) are obvious. Proposition 3.2 provides partitions α = Λ(A), β(k) =
Λ(B(k)) whih satisfy the Horn inequalities and the trae identity, and suh that
α′ ≤ α ≤ α′′ and β′′(k) ≤ β ≤ β′(k)
for k = 1, 2, . . .m. To onlude the proof, we dene I ′, J ′(k) ⊂ [N ] suh that
π(I ′) = α and π(J ′(k)) = β(k) for k = 1, 2, . . . ,m. 
4. Eigenvalues of Compat Selfadjoint Operators
Let A be a ompat selfadjoint operator on a omplex Hilbert spae H. One an
represent A as
Ah =
∑
k
µk〈h, ek〉ek, h ∈ H,
where {ek} is an orthonormal system, and (µk) is a real sequene with limit zero.
It may no longer be possible to rearrange the eigenvalues µk in dereasing order.
Instead, we an dene numbers λ±n for n ∈ N suh that λn is th nth largest positive
term in (µk), while λ−n is the nth smallest negative term in (µk). Note that
λ1 ≥ λ2 ≥ · · · ≥ 0 and λ−1 ≤ λ−2 ≤ · · · ≤ 0.
If there are only p < ∞ positive terms in (µk), we set λn = 0 for n > p, with a
similar onvention for the negative terms. We will denote by Λ0(A) the sequene
λ1 ≥ λ2 ≥ · · · ≥ λ−2 ≥ λ−1.
Observe that A annot quite be reonstruted, up to unitary equivalene, from
Λ0(A). It may happen that 0 is not an eigenvalue of A, but it gures innitely
many times in Λ0(A). Conversely, 0 may be an eigenvalue of A but λ±n 6= 0 for all
n. We will also use the notation Λ+(A) for the sequene {λn}
∞
n=1. Thus Λ0(A) an
be identied with the pair (Λ+(A),−Λ+(−A)).
We will denote by c↓0↑ the olletion of all real sequenes (α±n)
∞
n=1 suh that
α1 ≥ α2 ≥ · · · ≥ 0 ≥ · · · ≥ α−2 ≥ α−1
and limn→∞ α±n = 0. If α ∈ c↓0↑, we will denote by α the sequene (β±n)
∞
n=1
dened by βk = −α−k for all k = ±n. With this notation, we have Λ0(−A) = Λ0(A)
for all ompat selfadjoint operators A.
We will prove analogues of the Horn inequalities by ompressing operators to
nite-dimensional subspaes. The following observation shows why this is possible.
Lemma 4.1. Let A be a ompat selfadjoint operator on H, let P be an orthogonal
projetion on H, and set α = Λ0(A), β = Λ0(PAP |PH). Then we have
αn ≥ βn ≥ β−n ≥ α−n, n ∈ N.
Proof. This is an immediate onsequene of the usual variational formulas
(4.1) αn = inf
dimM<n
sup{〈Ah, h〉 : h ∈M⊥, ‖h‖ = 1}, n ∈ N,
and their analogues for negative n. 
If A is an N × N matrix, we an use both Λ(A) and Λ0(A) to desribe the
eigenvalues of A. Let's say that Λ(A) = α ∈ RN and Λ0(A) = β ∈ c↓0↑. We will
have then αn = βn if αn > 0, and αn = βn−N−1 if αn < 0.
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Proposition 4.2. Fix ompat selfadjoint operators A,B(1), B(2), . . . , B(m) on H
suh that A ≤
∑m
k=1 B
(k)
, a tuple (I, J (1), J (2), . . . , J (m)) ∈ TNr (m+1), and nonneg-
ative integers q1, q2, . . . , qm suh that q =
∑m
k=1 qk ≤ r. The sequenes α = Λ0(A),
and β(k) = Λ0(B
(k)) satisfy the inequality
(4.2)
r−q∑
ℓ=1
αI(ℓ) +
r∑
ℓ=r−q+1
αI(ℓ)−N−1 ≤
m∑
k=1
r−qk∑
ℓ=1
β
(k)
J(k)(ℓ)
+
r∑
ℓ=r−qk+1
β
(k)
J(k)(ℓ)−N−1
 .
Proof. If P is an orthogonal projetion of nite rank, we have PAP ≤
∑m
k=1 PB
(k)P ,
and therefore the vetors Λ(PAP ),Λ(PB(k)P ) must satisfy the Horn inequali-
ties. Let us hoose P so that its range ontains all the eigenvetors of A and
B(k) orresponding with the eigenvalues α±n and β
(k)
±n for n ≤ N . If we denote
α′ = Λ0(PAP |PH) and β
′(k) = Λ0(PB
(k)P |PH), the preeding lemma shows that
α′±n = α±n and β
′(k)
±n = β±n for n ≤ N . Assume that the rank of P is N +M , and
let (I ′, J ′(1), . . . , J ′(m)) ∈ TN+Mr (m+1) be onstruted as in Lemma 2.4. This new
(m + 1)-tuple provides a Horn inequality for PAP |PH and PB(k)P |PH, and this
inequality is preisely the onlusion of the proposition. 
The inequalities (4.2) will be referred to as the extended Horn inequalities.
The onverse of the preeding result is also true. We will atually prove a stronger
result whih also yields an analogue of Horn's onjeture. In order to simplify the
statement of the result, we will say that an (m + 1)-tuple (α, β(1), . . . , β(k)) of
sequenes in c↓0↑ satises all the Horn inequalities if they satisfy the onlusion of
Proposition 4.2 for every r ≤ N and every (I, J (1), J (2), . . . , J (m)) ∈ TNr (m + 1)
and every hoie of q1, q2, . . . , qm.
For the following preliminary result, it is useful to endow c↓0↑ with the topology
of uniform onvergene. A partiular ase of this result appears as [2, Lemma 5.2℄.
We inlude a proof for ompleteness.
Lemma 4.3. For eah n ∈ N, let A(n), B(1)(n), . . . , B(m)(n) be ompat selfadjoint
operators suh that A(n) =
∑m
k=1 B
(k)(n). Assume that limn→∞ Λ0(A(n)) = α
and limn→∞ Λ0(B
(k)(n)) = β(k) for k = 1, 2, . . . ,m. Then there exist ompat
selfadjoint operators A,B(1), . . . , B(m) suh that A =
∑m
k=1B
(k)
, Λ0(A) = α, and
Λ0(B
(k)) = β(k) for k = 1, 2, . . . ,m.
Proof. Set α(n) = Λ0(A(n)) and β
(k)(n) = Λ0(B
(k)(n)) for k = 1, 2, . . . ,m. As-
sume that al the given operators at on the same Hilbert spae H with orthonor-
mal basis (ej)
∞
j=1. Denote by Hi, i ∈ N, the linear spae generated by {ej :
1 ≤ j ≤ 3(m + 1)i}. Replaing, if neessary, the operators A(n) and B(k)(n)
by U(n)A(n)U(n)∗ and U(n)B(k)(n)U(n)∗ for some unitary U(n), we may as-
sume that Hi ontains the eigenvetors of A(n) orresponding with eigenvalues
α(n)±j , j = 1, . . . , i, and the eigenvetors of B
(k)(n) orresponding with eigen-
values β(k)(n)±j , j = 1, 2, . . . , i. (The spae Hi has suiently large dimen-
sion to also aomodate i zero eigenvetors for eah of the operators A(n) and
B(k)(n), in ase suh eigenvetors do exist.) Note that ‖A(n) − PHiA(n)PHi‖ ≤
max{|α(n)i+1|, |α(n)−i−1|} → 0 as i→∞, and the onvergene assumption also im-
plies that the norms ‖A(n)‖ are bounded. We dedue that the sequene (A(n))∞n=1
has a subsequene whih onverges in norm. A similar argument applies to B(k)(n).
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Thus, dropping to a subsequene, we may assume that the limits A = limn→∞ A(n)
and B(k) = limn→∞B
(k)(n) exist. Clearly then A =
∑m
k=1 B
(k)
, and the vari-
ational formulas (4.1) imply that α = limn→∞ Λ0(A(n)) = Λ0(A) and similarly
β(k) = Λ0(B
(k)). 
We ome now to the entral result of this paper.
Theorem 4.4. Fix m ∈ N, and onsider sequenes α′, α′′, β′(k), β′′(k) ∈ c↓0↑ for
k = 1, 2, . . .m. Assume that both (α′, β
′(1), . . . , β′(k)) and (α′′, β′′(1), . . . , β′′(m))
satisfy all the extended Horn inequalities (4.2). Then there exist ompat selfadjoint
operators A,B(1), . . . , B(m) suh that A =
∑m
k=1 B
(k)
, Λ0(A) is between α
′
and α′′,
and Λ0(B
(k)) is between β′(k) and β′′(k) for k = 1, 2, . . . ,m.
Proof. For eah n ∈ N, we will onstrut dereasing vetors α′(n), α′′(n), β′(k)(n),
and β′′(k)(n) in R(m+1)n satisfying the hypothesis of Proposition 3.2 (with N =
(m+ 1)n), and suh that
α′(n)i = α
′
i, α
′′(n)i = α
′′
i , β
′(k)(n)i = β
′(k)
i , β
′′(k)(n)i = β
′′(k)
i ,
for i ≤ n, while
α′(n)i = α
′
i−N−1, α
′′(n)i = α
′′
i−N−1, β
′(k)(n)i = β
′(k)
i−N−1, β
′′(k)(n)i = β
′′(k)
i−N−1,
for i > N − n; here N = (m + 1)n. Proposition 3.2 will then imply the exis-
tene of selfadjoint operators A(n), B(k)(n) of rank ≤ (m + 1)n suh that A(n) =∑m
k=1 B
(k)(n), Λ0(A(n))±i is between α
′
±i and α
′′
±i for i ≤ n, and Λ0(B
(k)(n))±i
is between β
′(k)
±i and β
′′(k)
±i for i ≤ n. There exists a sequene n1 < n1 < · · ·
suh that (Λ0(A(ni)))
∞
i=1 and (Λ0(B
(k)(ni)))
∞
i=1 have limits α and β
(k)
in c↓0↑. The
onlusion of the theorem is then reahed by an appliation of the preeding lemma.
The remaining task is the onstrution of the vetors α′(n), α′′(n), β′(k)(n) and
β′′(k)(n). They are dened so that α′(n) and β′′(k)(n) are as small as possible, while
α′′(n) and β′(k)(n) are as large as possible. More preisely,
α′(n)i =
{
α′i if i ≤ n
α′i−N−1 if i > n
and
α′′(n)i =
{
α′′i if i ≤ N − n
α′′i−N−1 if i > N − n
with similar denitions for β′(k)(n) and β′′(k)(n). We verify next that α′(n) and
β′(k)(n) satisfy the Horn inequalities. Fix (I, J (1), . . . , J (k)) ∈ T
(m+1)n
r (m+1), and
set
p = |I ∩ [n]|, qk = |I \ [mn]|, q = q1 + q2 + · · ·+ qk.
Proposition 2.5(3) implies that p + q ≤ r. In partiular, α′ and β′(k) must satisfy
the inequality
r−q∑
ℓ=1
α′I(ℓ) +
r∑
ℓ=r−q+1
α′I(ℓ)−N−1 ≤
m∑
k=1
r−qk∑
ℓ=1
β
′(k)
J(k)(ℓ)
+
r∑
ℓ=r−qk+1
β
′(k)
J(k)(ℓ)−N−1
 ,
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with N = (m+ 1)n. The denition of qk shows that
r−qk∑
ℓ=1
β
′(k)
J(k)(ℓ)
+
r∑
ℓ=r−qk+1
β
′(k)
J(k)(ℓ)−N−1
=
r∑
ℓ=1
β′(k)(n)Jk(ℓ).
On the other hand
r∑
ℓ=1
α′(n)I(ℓ) =
p∑
ℓ=1
α′I(ℓ) +
r∑
ℓ=p+1
α′I(ℓ)−N−1 ≤
r−q∑
ℓ=1
α′I(ℓ) +
r∑
ℓ=r−q+1
α′I(ℓ)−N−1.
The inequality is obtained beause r− q ≥ p, and hene some negative terms in the
left hand side are replaed by positive ones. We dedue that
r∑
ℓ=1
α′(n)I(ℓ) ≤
m∑
k=1
r∑
ℓ=1
β′(k)(n)Jk(ℓ),
so that α′(n) and β(k)(n) satisfy all the appliable Horn inequalities. The same
argument applied to α′′ and β′(k), along with the equivalene of (2) and (3) in
Theorem 2.1, shows that all the hypotheses of Proposition 3.2 are satised. The
proof of the theorem is omplete. 
Our version of the Horn onjeture follows easily by taking α′ = α′′ and β′(k) =
β′′(k).
Theorem 4.5. Consider sequenes α, β(1), . . . , β(m) ∈ c↓0↑. The following ondi-
tions are equivalent:
(1) There exist ompat selfadjoint operators A,B(1), . . . , B(k) suh that A =∑m
k=1 B
(k)
, Λ0(A) = α, and Λ0(B
(k)) = β(k) for k = 1, 2, . . . ,m.
(2) The (m + 1)-tuples (α, β(1), . . . , β(k)) and (α, β(1), . . . , β(k)) satisfy all the
extended Horn inequalities (4.2).
If only one half of the hypothesis of the theorem is satised, we obtain an in-
equality in plae of an equality.
Corollary 4.6. Fixm ∈ N, and onsider sequenes α, β(k) ∈ c↓0↑ for k = 1, 2, . . .m.
Assume that (α′, β
′(1), . . . , β′(k)) satisfy all the extended Horn inequalities (4.2).
Then there exist ompat selfadjoint operators A,B(1), . . . , B(m) suh that A ≤∑m
k=1 B
(k)
, Λ0(A) = α, and Λ0(B
(k)) = β(k) for k = 1, 2, . . . ,m.
Proof. Let us set β′(k) = β′′(k) = β(k), α′ = α, and nd a sequene α′′ ≥ α suh
that the hypotheses of Theorem 4.4 are satised. We obtain operators A′, B(k) suh
that A′ =
∑(m)
k=1 B
(k)
, Λ0(B
(k)) = β(k), and Λ0(A
′) ≥ α. To onlude the proof,
hoose an operator A ≤ A′ with Λ0(A) = α. 
Corollary 4.7. The sequenes α, β(1), . . . , β(m) ∈ c↓0↑ satisfy all the extended Horn
inequalities if and only if β(1), α, β(2), . . . , β(k) satisfy all the extended Horn inequal-
ities.
Proof. This is a simple onsequene of the fat that A ≤
∑m
k=1 B
(k)
if and only if
−B(k) ≤ −A+
∑m
k=2 B
(k)
. Alternatively, one an verify that the two requirements
on the given sequenes are in fat idential. 
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5. Partially Speified Eigenvalues
In this setion we will investigate under what onditions we an nd operators
A =
∑m
k=1 B
(k)
suh that Λ0(A) and Λ0(B
(k)) are only partially speied. We start
with the matrix ase, whih is easier to handle. A dereasing funtion α dened on
a subset of [N ] will be alled a partially speied dereasing vetor in RN . Fix suh
a partially speied vetor α = (αi1 ≥ αi2 ≥ · · · ≥ αip), where i1 < i2 < · · · < ip.
We dene vetors αmin and αmax as follows:
αmini =

αi1 if i ≤ i1
−∞ if ip < i ≤ N
αij+1 if ij < i ≤ ij+1
, αmaxi =

+∞ if i < i1
αip if ip ≤ i ≤ N
αij if ij ≤ i < ij+1
.
A dereasing vetor β ∈ RN agrees with α on the speied indies if and only if
αmin ≤ β ≤ αmax; we will write β ⊃ α when this happens.
In the following statement, the various vetors need not be speied on the same
olletion of indies.
Proposition 5.1. Fix m,N ∈ N, and onsider partially speied dereasing vetors
α′, α′′, β′(k), β′′(k) in RN for k = 1, 2, . . .m. The following onditions are equivalent:
(1) There exist Hermitian N × N matries A,B(1), . . . , B(m)suh that A =∑m
k=1 B
(k)
, Λ(A) ⊃ α, and Λ(B(k)) ⊃ β(k) for k = 1, 2, . . . ,m.
(2) For every r ≤ N and every (I, J (1), . . . , J (m)) ∈ TNr (m+1) the inequalities∑
i∈I
αmini ≤
m∑
k=1
∑
j∈I(k)
β
(k) max
j
and ∑
i/∈I
αmaxi ≥
m∑
k=1
∑
j /∈J(k)
β
(k) min
j
are satised.
Proof. The impliation (1) ⇒ (2) follows immediately from the fat that the ve-
tors Λ(A) and Λ(B(k)) satisfy all the Horn inequalities and the trae identity. Con-
versely, assume that (2) is satised. Given a large positive onstant C, replae
all the −∞ entries of αmin by −C to obtain a vetor α′. Similarly, dene β′(k)
by replaing the ∞ entries of β(k) max by C. If C is suiently large, then the
inequalities
∑
i∈I
α′i ≤
m∑
k=1
∑
j∈I(k)
β
′(k)
j
will be satised for every r ≤ N and every (I, J (1), . . . , J (m)) ∈ TNr (m + 1). In-
deed, those inequalities whih do not involve C are satised by hypothesis, and
the remaining ones amount to a nite number of restritions whih are satised for
suiently large C. On the other hand, replaing the ∞ entries of αmax by C and
the −∞ entries of β(k) min by −C, we obtain dereasing sequenes α′′and β′′(k) suh
that ∑
i/∈I
α′′i ≥
m∑
k=1
∑
j /∈J(k)
β
′′(k)
j
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for every r ≤ N and every (I, J (1), . . . , J (m)) ∈ TNr (m+ 1). Proposition 3.2 yields
then the desired matries. 
Observe that ondition (2) above lists some inequalities with innite terms. More
preisely, there may be −∞ terms in the left-hand side and/or +∞ terms in the
right-hand side. These inequalities are automatially satised, so one only needs to
onsider those inequalities where all the terms are nite, and therefore are equal to
some of the speied entries of the given vetors. To illustrate this result, onsider
the ase in whih β(1), . . . , β(m) are fully speied dereasing vetors, but only αp
is speied. In this ase,
αmin = (αp, . . . , αp︸ ︷︷ ︸
p
,−∞, . . . ,−∞︸ ︷︷ ︸
N−p
)
and
αmax = (∞, . . . ,∞︸ ︷︷ ︸
p−1
, αp, . . . , αp︸ ︷︷ ︸
N−p+1
).
The relevant upper estimates are then
rαp =
∑
i∈I
αmini ≤
m∑
k=1
∑
j∈J(k)
β
(k)
j ,
where (I, J (1), . . . , J (m)) ∈ TNr (m + 1) and I ⊂ [p]. Many of these inequalities are
in fat redundant. Thus, we must have
m∑
k=1
(J (k)(r) − 1) ≤ I(r)− 1 ≤ p− 1,
and therefore
m∑
k=1
(J (k)(ℓ)− 1) ≤ p− 1, ℓ = 1, 2, . . . , r.
It follows that all of these inequalities will be satised if
αp ≤ min
{
m∑
k=1
β
(k)
jk
:
m∑
k=1
(jk − 1) = p− 1
}
.
Similarly, the lower estimates amount to
αp ≥ max
{
m∑
k=1
β
(k)
jk
:
m∑
k=1
(N − jk) = N − p
}
.
This result was proved by Johnson [10℄. for m = 2.
These onsiderations an be extended to any situation where the vetors β(k)
are fully speied, thus answering a question raised in [6℄. Finding a minimal set
of inequalities may require some work. We illustrate this in ase α1 and α3 are
speied. For simpliity, assume that m = 2, and set β = β(1), γ = β(2). In this
ase
αmin = (α1, α3, α3,−∞, . . . ,−∞︸ ︷︷ ︸
N−3
), αmax = (α1, α1, α3, . . . , α3︸ ︷︷ ︸
N−2
).
For the upper estimates, we need to onsider Horn triples (I, J,K) with I ⊂ [3].
When |I| = 1, we obtain
α1 ≤ β1 + γ1, α3 ≤ min{β1 + γ3, β2 + γ2, β3 + γ1),
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when |I| = 3 we obtain the inequality
α1 + 2α3 ≤
3∑
j=1
(βj + γj),
and when |I| = 2 we have I = {1, 2} whih yields
(5.1) α1 + α3 ≤ β1 + β2 + γ1 + γ2,
I = {1, 3} whih yields
α1 + α3 ≤ min{β1 + β3 + γ1 + γ2, β1 + β2 + γ1 + γ3},
and nally I = {2, 3} whih yields
2α3 ≤

β2 + β3 + γ1 + γ2
β1 + β2 + γ2 + γ3
β1 + β3 + γ1 + γ3
.
As before, these last three estimates and (5.1) an be disarded in order to obtain
a minimal set of upper estimates. A minimal set of lower estimates is harder to
obtain. The inequalities for whih [N ] \ I ⊂ [2] or [N ] \ I ⊂ [2]c involve only one of
the speied entries, and will be satised provided that
α1 ≥ max{βj + γk : j + k = N + 1}, α3 ≥ max{βj + γk = N + 3}.
In addition, there will be lower bounds for α1+(r− 1)α3 and 2α1+(r− 2)α3 when
3 ≤ r ≤ N . These are provided by the reverse Horn inequalities with [N ] \ I =
[r+1]\{2} and [N ]\I = [r], respetively. The fat that one does not need to onsider
more general sets I is dedued easily from Corollary 3.3. Indeed, assume that we
write a reverse Horn inequality suh that
∑
i/∈I α
max
i = α1 + (r − 1)α3. Replaing
I by I ′ suh that [N ] \ I ′ = [r + 1] \ {2} we have
∑
i/∈I α
max
i =
∑
i/∈I′ α
max
i , and
the (m + 1)-tuple (I ′, J (1), . . . , J (m)) belongs to T
N
N−r. Corollary 3.3 yields then
(I ′′, J ′(1), . . . , J ′(m)) in TNN−r suh that I
′′ ≥ I ′ and J ′(k) ≥ J (k). The reverse
Horn inequality for this new tuple will be stronger than the one given by the
original (I, J (1), . . . , J (m)). One reasons in a similar fashion when
∑
i/∈I α
max
i =
2α1 + (r − 2)α3. Some of the inequalities with [N ] \ I = [r + 1] \ {2} might not
belong to T˙NN−r and an therefore be disarded.
The results of [4℄ an also be dedued from Proposition 5.1. Namely, one onsid-
ers the vetors β(1), . . . , β(m) to be fully speied, while the only speied entries
of α are αρ+1 = αρ+2 = · · · = αN = 0. This amounts to looking at Hermitian ma-
tries B(1), . . . , B(m) with speied eigenvalues, whose sum is positive and has rank
at most ρ. The onditions found in [4℄ form a minimal system of inequalities equiv-
alent to the ones provided by Proposition 5.1. The upper estimates whih must be
kept are those orresponding to (I, J (1), . . . , J (m)) ∈ T˙Nr suh that I = [N ]\ [N−r],
as an be seen by an argument using Corollary 3.3. The lower estimates orrespond
with I ⊃ [ρ], and one only needs to onsider those tuples in T˙ .
We onsider now ompat selfadjoint operators with partially speied eigenval-
ues. Let S be a set of nonzero integers. We assume, for simpliity, that S ∩ N
and S ∩ (−N) are innite. A funtion n 7→ αn ∈ R dened on S will be alled a
partially speied element of c↓0↑ if there exists β ∈ c↓0↑ suh that βn = αn for
all n ∈ S. Let α be suh a sequene, and assume S ∩ N = {n1 < n2 < · · · },
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S ∩ (−N) = {m1 > m2 > . . . }. We introdue two sequenes (α
max
±n )
∞
n=1 and
(αmin±n )
∞
n=1 as follows:
αmaxn =

∞ if 0 < n < n1
αnj if nj ≤ n < nj+1
αm1 if m1 ≤ n < 0
αmj+1 if mj+1 ≤ n < mj
αminn =

αn1 if 0 < n ≤ n1
αnj+1 if nj < n ≤ nj+1
−∞ if m1 < n < 0
αmj if mj+1 < n ≤ mj
.
The elements β ∈ c↓0↑ whih extend α are preisely those satisfying the inequalities
αmin ≤ β ≤ αmax. We will use the notation β ⊃ α to indiate that the sequene β
extends the partially dened α.
In the following result, as in its nte-dimensional ounterpart, an extended Horn
inequality in whih an innite term appears is to be automatially satised. In
order to see what the diulty is in extending the proof of Proposition 5.1, observe
that there are innitely many extended Horn inequalities. Thus, when replaing
an innite entry by a nite onstant, we impose innitely many onditions on that
onstant. We need to show that these onstraints an be met simultaneously.
Proposition 5.2. Let α, β(1), β(2), . . . , β(m) be partially speied elements of c↓0↑.
The following onditions are equivalent:
(1) There exist ompat selfadjoint operators A,B(1), . . . , B(k) suh that A =∑m
k=1 B
(k)
, Λ0(A) ⊃ α, and Λ0(B
(k)) ⊃ β(k) for k = 1, 2, . . . ,m.
(2) Both (αmin, β(1)max, . . . , β(m)max) and (αmax, β(1)min, . . . , β(m) min) satisfy
all the Horn inequalities.
Proof. The impliation (1) ⇒ (2) follows immediately from the orresponding im-
pliation in Theorem 4.4. Theorem 4.4 also shows that, to prove the opposite
impliation, it will sue to nd sequenes α′, α′′, β′(k), β′′(k) ∈ c↓0↑ suh that the
(m + 1)-tuples (α′, β′(1), . . . , β′(k)) and (α′′, β′′(1), . . . , β′′(k)) satisfy all the Horn
inequalities, α′ ≥ αmin, α′′ ≤ αmax, β′(k) ≤ β(k) max, and β′′(k) ≥ β(k) min. By
symmetry, it will sue to onstrut the sequenes α′ and β′(k). We start by on-
struting α′ ≥ αmin suh that (α′, β(1)max, . . . , β(m) max) satisfy all the extended
Horn inequalities. The vetors αmin and β(k) max have nitely many innite entries.
Assume for deniteness that αmini = −∞ for i = −1,−2, . . . ,−u, β
max
i = +∞ for
i = 1, 2, . . . , vk, and all the other entries of these sequenes are nite. We will
onstrut indutively sequenes α(0) = α, α(1), α(2), . . . , α(v) = α′ suh that eah
α(i+1) is obtained from α(i) by replaing one −∞ entry by a large negative number,
and (α(i), β(1), . . . , β(m)) satisfy all the extended Horn inequalities. It will sue
to show that it is possible to onstrut α(1). Denote by α(1) the sequene dened
by
α
(1)
i =
{
αmini if i 6= −u
τ if i = −u
for τ ≤ αmin−u−1. We verify that (α
(1), β(1)max, . . . , β(m) max) satises all the Horn
inequalities if τ is suiently small. The relevant inequalities whih are not already
overed by the hypothesis of the propositions are
r−q∑
ℓ=1
α
(1)
I(ℓ) +
r∑
ℓ=r−q+1
α(τ)I(ℓ)−N−1 ≤
m∑
k=1
r−qk∑
ℓ=1
β
(k) max
J(k)(ℓ)
+
r∑
ℓ=r−qk+1
β
(k) max
J(k)(ℓ)−N−1
 ,
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where (I, J (1), . . . , J (k)) ∈ TNr (m + 1), q = q1 + · · ·+ qm < r, I(r) −N − 1 = −u,
and J (k)(1) > vk for k = 1, 2, . . . ,m. The (m + 1)-tuple (J, J, . . . , J), with J =
{1, 2, . . . , r − 1}, belongs to T rr−1(m + 1); this is an easy onsequene of Corollary
2.2 sine π(J) = 0. Therefore (I ◦ J, J (1) ◦ J, . . . , J (m) ◦ J) ∈ T
N
r−1(m + 1) by
Proposition 2.5(1). Corollary 3.3 provides (I ′, J ′(1), . . . , J ′(k)) ∈ TNr−1(m + 1) suh
that I ′ ≤ I ◦J and J ′(k) ≥ J (k) ◦J for k = 1, 2, . . . ,m. The hypothesis implies then
the inequality
r−1−q′∑
ℓ=1
αminI′(ℓ) +
r−1∑
ℓ=r−q′
αminI′(ℓ)−N−1 ≤
m∑
k=1
r−1−q′k∑
ℓ=1
β
(k) max
J′(k)(ℓ)
+
r−1∑
ℓ=r−q′
k
β
(k) max
J′(k)(ℓ)−N−1
 ,
and the relations between I ′ and I ◦ J , along with the fat that α is dereasing,
imply
r−1−q′∑
ℓ=1
αminI(ℓ) +
r−1∑
ℓ=r−q′
αminI(ℓ)−N−1 ≤
m∑
k=1
r−1−q′k∑
ℓ=1
β
(k) max
J(k)(ℓ)
+
r−1∑
ℓ=r−q′
k
β
(k) max
J(k)(ℓ)−N−1
 .
With the hoie q′k0 = qk0 − 1 and q
′
k = qk for k 6= k0, we obtain
r−q∑
ℓ=1
αminI(ℓ) +
r−1∑
ℓ=r−q+1
αminI(ℓ)−N−1 ≤
m∑
k=1
r−qk∑
ℓ=1
β
(k) max
J(k)(ℓ)
+
r−1∑
ℓ=r−qk+1
β
(k) max
J(k)(ℓ)−N−1

after also replaing some negative terms by positive ones in the right-hand side of
the inequality. The desired inequality for α(1) will then follow provided that
τ ≤
m∑
k=1
β
(k) max
J(k)(r)−N−1
,
and for this it will sue that
τ ≤
m∑
k=1
β
(k) max
−1 .
The onstrution of β′(k) is then done by indution on k so that
(α′, β′(1), . . . , β′(k), β(k+1)max, . . . , β(m) max)
satises all the extended Horn inequalities. For instane, we know from Corollary
4.7 that (β(1)max, α′, β(2)max, . . . , β(m) max) satises all the extended Horn inequal-
ities, and the preeding onstrution (with β(1)max in plae of αmin) yields the
desired sequene β′(1). This onludes the onstrution of the sequenes β′(k) and
the proof of the proposition. 
6. Cases of Equality, Positive Operators
In nite dimensions it is known [9℄ that, when one of the Horn inequalities is an
equality, there is a subspae whih redues all the matries involved. This result
extends easily to ompat selfadjoint operators.
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Proposition 6.1. Let A,B(1), . . . , B(k) be ompat selfadjoint operators suh that
A =
∑m
k=1 B
(k)
, and set α = Λ0(A) and β
(k) = Λ0(B
(k)). Assume that the (m+1)-
tuple (I, J (1), . . . , J (m)) ∈ TNr (m + 1), q1, . . . , qm are suh that q =
∑m
k=1 qk ≤ r,
and
r−q∑
ℓ=1
αI(ℓ) +
r∑
ℓ=r−q+1
αI(ℓ)−N−1 =
m∑
k=1
r−qk∑
ℓ=1
β
(k)
J(k)(ℓ)
+
r∑
ℓ=r−qk+1
β
(k)
J(k)(ℓ)−N−1
 .
Then there is a spae M of dimension N whih redues the operators A and B(k),
Λ(A|M) = (αI(1), . . . , αI(r−q), αI(r−q+1)−N−1, . . . , αI(r)−N−1),
and similarly
Λ(B(k)|M) = (β
(k)
J(k)(1)
, . . . , β
(k)
J(k)(r−qk)
, β
(k)
J(k)(r−qk+1)−N−1
, . . . , β
(k)
J(k)(r)−N−1
)
for k = 1, 2, . . . , r.
Proof. Assume that the operators at on the separable spae H. Construt spaes
Hn suh that Hn ⊂ Hn+1,
⋃
Hn is dense in H, and Hn ontains all eigenvetors for A
and B(k) orresponding with the eigenvalues αI(ℓ), αI(ℓ)−N−1, β
(k)
J(k)(ℓ)
, β
(k)
J(k)(ℓ)−N−1
for ℓ = 1, 2, . . . , r, provided that n ≥ 2r(m + 1). The nite-dimensional result
implies the existene of spaes Mn, reduing for PHnA|Hn and PHnB
(k)|Hn, suh
that Λ(PHnA|Mn) and Λ(PHnB
(k)|Mn) have the desired eigenvalues for n large. If
all of these eigenvalues are dierent from zero, it will follow that all the spaes Mn
are ontained in a xed nite-dimensional spae, and then we an hoose M to be
any limit point of this sequene. The ase in whih some of the eigenvalues involved
are zero requires minor modiations whih we leave to the interested reader. 
Corollary 4.5 speializes as follows in the ase of positive operators.
Theorem 6.2. Let α, β(1), . . . , β(m) be dereasing sequenes with limit zero. the
following onditions are equivalent:
(1) There exist positive ompat operators A,B(1), . . . , B(k) suh that A =∑m
k=1 B
(k)
, Λ+(A) = α, and Λ+(B
(k)) = β(k) for k = 1, 2, . . . ,m.
(2) For every r < N , every q1, . . . , qm ≥ 0 suh that q = q1 + · · ·+ qm ≤ r, and
every (I, J (1), . . . , J (m)) ∈ TNr (m+ 1), we have the Horn inequality∑
i∈I
αi ≤
m∑
k=1
∑
j∈J(k)
β
(k)
j
and the extended reverse Horn inequality∑
i∈Icq
αi ≥
m∑
k=1
∑
j∈J
(k)c
qk
β
(k)
j .
The lak of balane in the reverse Horn inequalities omes from the fat that all
negative terms in Λ0(A) and Λ0(B
(k)) are equal to zero. The proof of the propo-
sition is straighforward if we take into aount the equivalene between onditions
(2) and (3) in Theorem 2.1. Note that the extended Horn inequalities need not
be required in full generality  the ordinary Horn inequalities sue in the ase
of positive operators. Indeed, applying the Horn inequalities provided by Lemma
2.4 one obtains the extended Horn inequalities as M → ∞. This is not the ase
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for the reverse inequalities. While this observation does redue the olletion of
inequalities to be veried, the smaller olletion is still redundant. As noted in
[8, 7℄, one an delete any nite olletion of Horn inequalities from ondition (2)
without altering the onlusion of the theorem.
We will now illustrate some of our results with a simple example where m =
2. Consider the sequenes β = γ′ = (1/2n)∞n=1, and positive ompat operators
B0 = C0 suh that Λ+(B0) = β. Note that α = Λ+(B0 + C0) = (1/n)
∞
n=1. On
the other hand, let C1 be a positive ompat operator suh that Λ+(C1) = γ
′′ =
(1/(2n− 1))∞n=1. Then
α = Λ+(B0 ⊕ C1) = Λ+(B0 ⊕ 0 + 0⊕ C1).
It follows that (α, β, γ′) and (α, β, γ′′) satisfy all the Horn and reverse Horn inequali-
ties, and moreover γ′′n > γ
′
n for all n. This situation is not possible in the ase of sum-
mable sequenes. Indeed, the trae identity would imply that
∑∞
n=1(γ
′
n − γ
′′
n) = 0.
Note moreover that for any sequene γ suh that γ′ ≤ γ ≤ γ′′, the triple (α, β, γ)
satises all the Horn and reverse Horn inequalities, and therefore there exist positive
ompat operators A,B,C suh that Λ+(A) = α, Λ+(B) = β, Λ+(C) = γ, and
A = B + C. A partiular ase is the sequene
γ = (1,
1
4
,
1
6
, . . . ,
1
2n
, . . . ).
Sine α1 + α2 = β1 + γ1, it follows that A,B,C have a ommon reduing spae M
of dimension 2, suh that Λ(A|M) = (α1, α2), Λ(B|M) = (β1, 0), and Λ(C|M) =
(γ1, 0). Thus the operators B and C must neessarily have the eigenvalue zero.
Restriting the operators A,B and C toM⊥, we see that the sequenes α˜ = (1/(n+
2))∞n=1, β˜ = γ˜ = (1/2(n + 1))
∞
n=1 must satisfy all the Horn and extended reverse
Horn inequalities. We will return to these sequenes a little later.
It is an amusing exerise to show that, in the ase of nite traes, the trae
identity does follow from the diret and reverse Horn inequalities.
Let us note that the triple (α = 2β, β, γ = (1 + ε)β), where β = (1/2n)∞n=1
does not satisfy all the reverse Horn inequalities if ε > 0. Indeed, among these
inequalities is
2N∑
i=1
αi ≥
N∑
j=1
βj +
N∑
k=1
γk.
The three sums are asymptoti to logN , (1/2) logN , and ((1 + ε)/2) logN . This
an also be seen diretly from the additivity of the Dixmier trae applied to the
ompat operators that would have these sequenes as eigenvalues.
As pointed out in the introdution, a dierent haraterization of the triples
(Λ+(B + C),Λ+(B),Λ+(C)) was given in [2℄ for positive ompat operators B,C.
This involves a ontinuous version of the Littlewood-Rihardson rule. It was pointed
out to us by Cristian Lenart [5℄ that it might be possible to reformulate this rule in
terms of honeyombs or hives [12, 13, 3℄, and we take the opportunity to do this.
For our purposes, a hive will simply be a onave funtion f : [0,∞)2 → R, whose
restrition to the triangles
Tij = o{(i− 1, j), (i− 1, j − 1), (i, j − 1)}, Sij = o{(i− 1, j), (i, j), (i, j − 1)}
is ane for all i, j ∈ N; here we use o(S) to denote the onvex hull of S. Suh a
funtion is determined, up to an additive onstant, by the points (xij , yij , zij) ∈ R
3
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dened by
xij = f(i, j−1)−f(i−1, j−1), yij = f(i−1, j−1)−f(i−1, j), zij = f(i−1, j)−f(i, j−1)
for i, j ∈ N. These points form the verties of an innite honeyomb in the plane
x + y + z = 0; see [12, 13℄ for a disussion of nite honeyombs. Dereasing
sequenes α, β, and γ onverging to zero and suh that α ≥ β satisfy the ontinuous
Littlewood-Rihardson rule if and only if there exists a hive f suh that
xi0 = αi, y0j = −βj, lim
j→∞
zij = −γi for i, j ∈ N.
Generally it is rather diult to onstrut a hive f realizing this rule. We will
onstrut a hive for the partiular ase of the sequenes α˜, β˜ and γ˜ onsidered
above. Note that the hive will be determined up to an additive onstant from the
values of xi0, y0j and zij . The reader will verify without diulty that the following
values do yield a hive:
zij =
1
2
[
1
i+ j + 1
−
1
i+ 1
]
, i, j ∈ N.
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